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a b s t r a c t

A nonlinear adjoint-based optimal control approach of cylinder wake flow by using electro-magnetic
forcing has been proposed and investigated numerically in the paper. A cost functional representing the
balance between the enstrophy U2 and the interaction parameter N has been developed, and its corre-
sponding adjoint equations have been derived. The sensitivity of the cost functional is found to be
a simple function of the adjoint stream function in the adjoint field. Under the action of optimal force,
N(t), the flow separation is suppressed successfully, the oscillations of drag and lift disappear and the
total drag coefficient decreases dramatically. Furthermore, the global enstrophy is proved to be equal to
the total squared strain during the control, which validates the conservation rule of Okubo-Weiss
function.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

The evolution of a turbulent flow is characterized by a vortex
cascade, in which large vortices break into small ones accompanied
by a direct energy transfer. However, for a two-dimensional laminar
flow past a bluff body, the small vortices generated from the body
surface will merge into larger vortices, and then develop into
a vortex street. The emergence of vortical structures during the
flow evolution has led to efforts to characterize regions dominated
by the presence of vortices [1]. One of these criteria is the Okubo-
Weiss function [2,3], q, defined as the difference between the total
squared strain and enstrophy, which provides a simple way to
characterize the different regions of the flow field and to identify
vortical structures. If q< 0 then rotational effects are dominant and
if q> 0 straining is the dominant process. It is obvious that strong
negative values of q are found at the core of vortices, while strong
positive values of q occur on the regions surrounding the vortices. It
has been shown that the global enstrophy is always equal to the
total squared strain field with no-slip boundary conditions [4].

As we know, the viscous flow past a free bluff body may induce
undesirable flow separations and vibrations of the body, accom-
panied by a large fluctuation of drag and lift forces, and acoustic
noise. The above phenomena can be suppressed by applying
).
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modern flow control methods and technologies. Usually, flow
control involves passive and active methods. For passive control,
the flow is modified without external energy input [5,6]. In
contrast, energy requires to be injected into the flow for active
control. Recently, active control methods have attracted more
attention, e.g. rotary oscillation control of a cylinder wake [7],
sound wave disturbing [8], suction and blowing [9], thermal effect
[10] and so on. The Lorentz force was employed to control cylinder
wake flow successfully in the 60s of last century, and this type of
forcing has attracted new attention in last few years due to its
potential applications in engineering situations [11–20].

On the other hand, it is also very important, for the active flow
control, to reduce the input energy as small as possible to achieve
the goal, which leads to the use of the optimal control theory. The
purpose of optimal flow control is to find a control input which
makes the cost function minimum under the constraint of N-S
equations. It may be classified into two main types: linear and
nonlinear optimal control. The linear optimal control relies on the
linearized N-S equations, and the classical control theory can be
applied straightforwardly [21]. However, the nonlinear optimiza-
tion is applied to the fully nonlinear N-S equations which may
provide perhaps the most rigorous theoretical framework for flow
control. One of such methods is the adjoint-based optimization
[22,23], which requires to define an adjoint field properly and to
obtain the sensitivity of the cost functional by solving the N-S
equations and their adjoint equations iteratively. Unfortunately,
there is no general approach to deduce the adjoint equations so far.
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In the present paper, we aim at controlling the cylinder wake by
suppressing the vortex shedding, which is achieved through the
use of the adjoint-based optimal method. A cost functional repre-
senting the balance of the enstrophy U2 and the interaction
parameter N has been developed, where U2 is taken as the target of
regulation and the Lorentz force (the interaction parameter N) is
employed as the control input. Based on the cost functional and N-S
equations, the corresponding adjoint equations have been derived
and the sensitivity of the cost functional is found to be a simple
function of the adjoint stream function in the adjoint field.

The optimal control of a cylinder wake flow by electro-magnetic
forces based on the adjoint flow field is investigated numerically.
The problems considered here are solved with the same method as
mentioned in Ref. [24]. The variations of the optimal interaction
parameter N with time are described based on the calculations. The
evolutions of the flow field, drag and lift coefficients in the control
process are also discussed. Moreover, it is validated that, for
incompressible two-dimensional flow at low Reynolds number, the
global enstrophy is equal to the total squared strain field with
the no-slip boundary conditions, which does not dependent on the
boundary shape and the existence of body forces or chemical
reactions in the flow field.

2. Lorentz force control of cylinder wake

For the control of a circular cylinder wake in an electrically low-
conducting fluid, the cylinder surface consists of two half cylinders
mounted with alternating streamwise electrodes and magnets as
shown in Fig. 1. In this way, the Lorentz force is directed parallel to
the cylinder surface and decays exponentially in the radial direc-
tion, which can be described by a distributed function given by
Weier et al. [12]

jFqj ¼ e�aðr�1Þ (1)

Fr ¼ 0

where r and q are polar coordinates, F is the distribution function of
dimensionless Lorentz force, subscripts r and q represent the
components in r and q directions, respectively. a is a constant,
representing the effective depth of Lorentz force in the fluid.

Introducing exponential-polar coordinates system (x,h), where
r ¼ e2px and q ¼ 2ph, the governing equations describing such
fluid-structure problem can be written in the dimensionless form
Fig. 1. Lorentz force on the cylinder surface.
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where the stream function j is defined as vj=vh ¼ Ur ¼ H1=2ur ,
�ðvj=vxÞ ¼ Uq ¼ H1=2uq, while the vorticity U is defined as
U ¼ ð1=HÞððvUq=vxÞ � ðvUr=vhÞÞ, with ur and uq the velocity
components in r and q directions, respectively. Furthermore
H¼ 4p2e4px, Re¼ 2uNa/v, uN is the free-stream velocity, v is the
kinematic viscosity, a is the cylinder radius, the non-dimensional
time is t¼ t*uN/a. The interaction parameter is defined as
N ¼ j0B0a=ru2

N, with the current density j0¼ sE0, s the electric
conductivity, E0 the electric field and B0 the magnetic field.

The flow is considered to be potential initially and therefore

at t ¼ 0; j ¼ 0; U ¼ �1
H

v2j

vx2 on x ¼ 0

j ¼ �2shð2pxÞsinð2phÞ; U ¼ 0; on x > 0

at t > 0; j ¼ 0; U ¼ �1
H

v2j

vx2 on x ¼ 0

j ¼ �2shð2pxÞsinð2phÞ; U ¼ 0 on x ¼ xN

The calculations have been performed numerically. The equa-
tion of vorticity transport is solved by using the Alternative-
Direction Implicit (ADI) algorithm, and the equation of stream
function is integrated by means of a Fast Fourier Transform (FFT)
algorithm. More details can be found in Ref. 19. Numerical results in
the paper are obtained at Re¼ 150with the computational step size
Dx¼ 0.004, Dh¼ 0.002 and Dt¼ 0.005.
3. Okubo-Weiss function and conservation rule

By defining the two-dimensional divergence operator
V ¼ ðv1v2ÞT , the gradient of the velocity u can be written as

Vu ¼
�

v1u1 v2u1
v1u2 v2u2

�
(3)

and

Vu$u ¼
�

u1ðv1u1Þ u2ðv2u1Þ
u1ðv1u2Þ u2ðv2u2Þ

�
(4)

For an incompressible flow, V$u ¼ v1u1 þ v2u2 ¼ 0, we have

V$ððVuÞ$uÞ ¼ �2detðVuÞ ¼ 1
2

q (5)

where q ¼ S2
1 þ S2

2 � U2 is called the Okubo-Weiss function [3],
S1 ¼ v1u1�v2u2 and S2 ¼ v2u1�v1u2 are the strain denoting the
compression along the normal direction and the deformation along
the tangent direction, respectively. U ¼ v1u2�v2u1 is the vorticity,
and U2 is the enstrophy.
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For a viscous flow around a body, u ¼ 0 on the body surface C,
and Vu ¼ 0on the infinite undisturbed boundary, then equation
(4) becomesZZ

S

V$ððVuÞ$uÞdA ¼ #
C
ðVuÞ$u$ndl ¼ 0

where n is the normal vector on the body surface, thenZZ
S

qdA ¼ Q ¼ 0 (6)

orZZ
S

U2dA ¼
ZZ

S

�
S2

1 þ S2
2

�
dA (7)

which indicates that the integral value of the Okubo-Weiss function
q over the whole flow field is equal to zero, or the global enstrophy
is equal to the total squared strain field [25], even if Lorentz forces
exist in the flow field.

4. Cost functional

Due to the increase of momentum in the boundary under the
action of streamwise Lorentz forces, flow separation around
a circular cylinder can be suppressed. Since the flow separation
causes vortex shedding, force fluctuations, acoustic noise and so on.
Therefore, separation control is potentially important for certain
engineering flow configurations.

The purpose of optimal flow control is to determine the right
control input that effectively tailors the flow. Hence, the control
input should vary with the transient flow field and depends on the
state variables of the flow field. The key element of an optimal flow
control is the minimization of a cost functional. Therefore, the cost
functional should contain three kinds of important physical vari-
ables i.e. the control input, the state variables of the flow field and
the price of the control.

In the present work, control of electrically low-conducting fluids
by Lorentz forces is considered and therefore, the interaction
parameter N, a dimensionless magnitude of Lorentz force, is taken
as a control input. As mentioned in Ref. [26], the state variable,
a quantity of physical interest regulated or minimized in control
such as the enstrophy U2, the skin-friction drag Usin (2ph), Ucos
(2ph) and the skin-pressure drag vU=vxsinð2phÞ etc. can be chosen
optionally. Several cases of physical interest may be represented by
a cost functional of the following generic form

J ðNÞ ¼ �Hd1
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where K1 ¼ sinð2phÞ, K2 ¼ cosð2phÞ. l2 is a weighting factor rep-
resenting the price of the control. If the control is ‘low cost’, its
value is small, and vice versa. The constants di account for the
relative weight of each individual term and

P
i

di ¼ 1.
In order to validate the conservation rule of the above Okubo-

Weiss function and simplify the optimal problem, we choose the
enstrophy as the quantity of physical interest which is directly
related to the vortical structures in the flow field. Then, the cost
functional can be written as

JðNÞ ¼ �H
2
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Considering a perturbation J0 to the cost function resulting from
an arbitrary perturbation N0, then we have
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where, the prime indicates the Fréchet differential and T is the
period for optimizing. Only one properly defined adjoint field is
established and the cost functional perturbation J0 can be expressed
as a simple linear function of the direction of the control pertur-
bation N0 through the solution of an adjoint problem which reveals
the direction DJ=DN directly.
5. Adjoint flow field

From Eq. (2), the linearized perturbation equations are given by
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Once the cost functional J is defined mathematically, a properly
defined adjoint field has to be derived to determine the gradient
of the cost functional [24]. Here the adjoint flow field is
governed by

N 0ðqÞ*q* ¼
�
�H
�

U* � U
�

0

�
(12)

with initial and boundary conditions

at t ¼ T; j* ¼ 0; U* ¼ 0

at t < T ; j* ¼ 0; U* ¼ �1
H

v2j*

vx2 ; on x ¼ 0

j* ¼ 0;U* ¼ 0;on x ¼ N

where the adjoint state q* ¼ ðU
*

j* Þ, N
0ðqÞ*q* is given by
Fig. 2. The sequence of events in receding-horizon predictive control [24].
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Defining Ca;bD as the inner product of vector a and b over the
domain in space-time, then we obtain
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From the integrations by parts, we also get
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Substituting Eq. (13) and (14) into Eq. (15), we have
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As N0 is arbitrary, from Eq. (10) we may identify the desired
gradient as

DJ
DN
¼ �

Z
S

Fj*dvþ l2N (18)

Therefore, the stream function j* in the adjoint field is
a measure of the sensitivity of the cost functional.
6. Optimal control

When the control input Nand the period of the control time T are
set, the development of the flow field q from t ¼ 0 to t ¼ T can be
obtained by the numerical integration of Eq. (2). Then the devel-
opment of the adjoint flow field, q*, can be obtained by the inte-
gration of Eq. (12) and marching backward from t ¼ T to t ¼ 0. The
computation of the adjoint field requires the storage of the flow
field q. Finally, DJ=DN can be calculated from Eq. (18) based on the
adjoint field q* at t ¼ 0.

The purpose of optimal flow control is to determine the optimal
control input function N(t), which is achieved through the mini-
mizing cost function, thus

DJ
DN
¼ 0 (19)

or
Z
S

Fj*dv ¼ l2N (20)

With the gradient information described above, a strategy for
solving Eq. (19) using an iteration method may be proposed as

Nk ¼ Nk�1 � bk
DJ
�

Nk�1
�

DN
(21)

where k indicates the iteration number and bk is a parameter of
descent which governs the magnitude for update.

The receding-horizon predictive control setting is employed to
discuss the optimal control problems as shown in Fig. 2 [24]. When
the flow field at t¼ Ta is determined and the optimization horizon T
is set, then according to the predicted N, DJ=DN can be obtained by
the forward and backward integrations as described above, and the
iteration processes, shown as the dashed lines and dot-dashed lines
in the Fig. 2, are performed till ðDJ=DNÞ ¼ 0. Once the optimal
input N is determined, the flow is advanced by some portion Ta, and
the optimization process begins again.



Fig. 3. Instantaneous vorticity contours and steamlines of cylinder wake with open-loop control at t ¼ 548.

H. Zhang et al. / European Journal of Mechanics B/Fluids 29 (2010) 53–60 57
Formulations of optimizing control over longer time horizons T
have a significant advantage over those with shorter time horizons
[24]. However, the larger the optimization horizon, the more
difficult the optimization problem becomes. It appears that the
optimization of the nonlinear Navier–Stokes control problem over
an infinite time horizon would require the solution of a very diffi-
cult Hamilton-Jacobi-Bellman (HJB) problem in infinite dimensions,
and is computationally intractable. In Ref.24, the optimization
horizon, T� 25Dt is considered sufficiently. In this paper, we choose
T ¼ 30Dt, and Ta ¼ Dt.

7. Results and discussions

7.1. Open-loop control

Fig. 3 shows the computed vorticity contours and streamlines of
the cylinder wake controlled by Lorentz forces triggered at t ¼ 500,
with different interaction parameter values N ¼ 0, 1.4, 2.8 and 7.1 at
Fig. 4. Variations of drag force coefficient Cdwith time t for the open-loop control for
N¼ 1.4, 2.8 and 7.1.
t¼ 548. For N¼ 0, the flow is unsteady and shows the characteristic
features of the von Karman vortex street. Although the flow is still
unsteady for a small Lorentz force, N ¼ 1.4, the flow separation
region is greatly diminished and a region with two relatively small
recirculating bubbles occurs behind the cylinder. The separation is
fully suppressed with the control input N ¼ 2.8.With further
increase of the interaction parameter, e.g. N ¼ 7.1, the fluid is
strongly accelerated by the Lorentz force, so that the streamlines
become closed to each other.

The dimensionless drag and lift coefficients are defined as

Cd ¼
Fx

ru2
Na

;Cl ¼
Fy

ru2
Na

where Fx and Fy denote the total force components in streamwise
and normal direction, respectively. The total drag is composed of
two parts, i.e
Fig. 5. The optimal N(t) value determined by the intersection point of the solid line 1
(the integral curve related with the adjoint flow) and the dashed line 2 (the line in
proportion to N).



Fig. 6. Variations of optimal actuator N(t) during the optimal control process.
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Fx ¼ Fpx þ Fsx

where Fpx and Fsx denote the pressure drag and the friction drag,
respectively. Then, the pressure drag and the friction drag coeffi-
cients are given by

Cp ¼
Fpx

ru2
Na

;Cf ¼
Fsx

ru2
Na

Fig. 4 shows the time evolution of drag force coefficient Cd under
the action of Lorentz forces of different strengths. During the
control, the drag coefficient decreases dramatically at the begin-
ning, and finally becomes steady. It is also observed that the
amount of drag reduction increases when the interaction param-
eter N increases.
Fig. 7. Time history of force coefficients durin
7.2. Optimal control input

During the optimal control, the control input N(t) varying with
the transient flow field is determined by Eq. (20), in which the right
side term is in proportion to N and the left side term is related to an
integration of j* over the adjoint flow field, which is dependent
upon N. Therefore, the optimal N(t) can be determined at the
intersection point of the two curves shown in Fig. 5, where the solid
line 1 denotes the integral curve related with the adjoint flow, and
the dashed line 2 denotes the line in proportion to N.

The quantity l2 represents the price of the control in Eq. (8) and
it is also related implicitly with N0, a fixed interaction parameter
number required for maintaining the final controlled flow field. The
time evolution of the optimal N(t) with l2 ¼ 4.29*10�8, corre-
sponding to N0¼ 2.8, is shown as the solid line in Fig. 6. The value of
N increases rapidly at the triggering time t ¼ 500, and after a short
time interval (about dt ¼ 0.2), it tends to remain constant N0, and
the flow become steady. The dashed line in Fig. 6 represents the
variation of N in the open-loop control, where N ¼ 2.8 after the
electromagnetic actuators are triggered. It is obvious that the solid
line lies below the dashed line during the control process, which
implies that the energy consumption of optimal control is less than
that of open-loop control at the very early stage.
7.3. Variations of force coefficients in optimal control

The time histories of the force coefficients under both the open
and optimal control are shown in Fig. 7, where (a), (b), (c) and (d)
correspond to the drag Cd, lift Cl, friction drag Cf and pressure drag
Cp coefficients, respectively. It has been shown that all the above
force coefficients, specially the lift coefficient Cl, oscillate regularly
before the control due to the vortex shedding off the cylinder.
However, after the control, these fluctuations decrease gradually
g the open and optimal control process.



Fig. 8. Variations of vorticity, enstrophy and strain during the control.

Fig. 9. Probability density distributions of the enstrophy and squared strain in flow
field around the cylinder without control.
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since the flow separation and vortex shedding are suppressed at
about one single shedding period. The total drag coefficient is
composed of the pressure and friction drag coefficients. The
increase of vorticity at the wall due to the control leads to a rise of
the friction coefficient (Fig. 7c). However, the pressure coefficient
decreases after the control, which dominates the variations of the
total drag force. Generally, the final effect of the optimal control is
almost the same as that of the open-loop control (N ¼ N0), but the
optimal control is more effective on the suppression of force fluc-
tuations than the open control at the beginning of the control
(Fig. 7a and b), so that the drag and lift forces tend to become steady
more quickly under optimal control.

It can be seen from Fig. 7b that the optimal control starts at
a time (t ¼ 500) when the lift is close to zero. However, our
numerical tests indicate that, even at the largest lift moment, the
initial variation of optimal Lorentz force is only slightly different, as
shown in Fig. 6. Furthermore, when the flow becomes steady, the
Lorentz force turns to the same value, 2.8, finally, which has no
relation to the triggering time of control for a well-developed flow.
In addition, as shown from Fig. 7a, the drag coefficient becomes
negative, �3.0, at a very short time after the application of the
optimal Lorentz force (N¼ 2.8), which indicates that the Lorentz
force creates a net thrust, and modifies the flow field near the
cylinder.

7.4. Evolution of the flow field in optimal control

The flow evolutions during control are shown in Fig. 8. The
variations of the vorticity field in control are shown in Fig. 8a,
where gray denotes positive values and black refers to negative
values. The modification of the vorticity field around the cylinder is
distinct, and flow separation is suppressed fully at last. The varia-
tions of the enstrophy field in the controlled case are shown in
Fig. 8b. The enstrophy, being a measure of the vortical motion in the
fluid is large at the core of vortices, and small on the edges of the
vortices or between vortices. While a vortex moves downstream,
under the effects of the enstrophy dissipation the rotation of the
core and its shear effect become weak. However, near the surface of
the cylinder, the velocity gradient increases due to the action of
Lorentz force, and it also leads to an increase of the enstrophy. In
Fig. 8c, the gray color denotes small values of the strain describing
the deformation of fluid, while the dark color corresponds to high
values. The deformation is large on the front and rear stagnation
points of the cylinder and also at the core of the vortices shed from
the cylinder. On the other hand, the strain is weak far away from the
cylinder.



Fig. 10. Probability density distributions of enstrophy and squared strain under
optimal control.
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7.5. Conservation rule during control

The probability density distributions of enstrophy and squared
strain in the flow field without control at t¼ 500 are shown in
Fig. 9. Four different regions can be distinguished in this figure. In
region 1, distributed mainly near the cylinder surface, enstrophy is
almost equal to squared strain and their values are highest. Region
2 is the area dominated by rotation, where the enstrophy is greater
than the squared strain and their values are less than that in region
1. In region 3, corresponding to the periphery of vortices, the ens-
trophy is less than squared strain, and their values are less than that
in region 2. Region 4 corresponds to far field from the cylinder,
where the enstrophy and squared strain are the least compared to
the other three regions. From region 1 to region 4, the values of
enstrophy and squared strain decrease sequentially, although the
areas that they occupy increase. Despite enstrophy and squared
strain are locally different in different regions, the global enstrophy
is always equal to the total squared strain field [25], thus the
integral of Okubo-Weiss function q in the whole flow region is
always equal to zero.

The probability density distributions of enstrophy and squared
strain under the optimal control of the Lorentz force are shown in
Fig. 10. With the application of streamwise Lorentz force, the
velocity gradient increases dramatically near the cylinder surface
due to the flow acceleration, which causes the intensity of ens-
trophy and strain to increase rapidly and the curve of region 1 to
rise. The regions 2 and 3 are reduced obviously, since the flow
separation on the cylinder surface is suppressed and the vortex
street behind the cylinder disappears. Even the distributions of
enstrophy and squared strain are changed locally in the control, the
global enstrophy remains to be equal to squared strain at all time,
which means the integral value of the Okubo-Weiss function over
the whole flow field is equal to zero.

8. Conclusion

In this paper, the nonlinear adjoint-based optimal control
approach of a cylinder wake flow by electro-magnetic force is
investigated numerically. The optimizing force N(t) varying with
the transient flow field increases rapidly at the triggered time, and
then tends to remain constant. Under the action of N(t), the flow
separation is suppressed successfully, which leads to the suppres-
sion of drag and lift oscillations. The optimal control is effective on
the force fluctuation suppression at the beginning of control, and
the global enstrophy is proved to be equal to the total squared
strain during the control, which validates the conservation rule of
the Okubo-Weiss function.
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